Abstract. In analogy to a recent result by V. Fonf, M. Lin, and P. Wojtaszczyk, we prove the following characterizations of a Banach space X with a basis.
1. Introduction. E. R. Lorch proved in the 1930s that if a Banach space X is reflexive, then every power-bounded operator T on X is mean ergodic, i.e., the sequence (n −1 n k=1 T k x) n∈N converges for all x ∈ X. In a recent article Fonf, Lin, and Wojtaszczyk have proven ([FLW01, Cor. 1]) that the converse is also true if we assume X to have a basis. Indeed, under this assumption, namely that X is a non-reflexive Banach space with a basis, they have been able to construct a power-bounded operator T on X which is not mean ergodic.
Paralleling their technique, we show in Section 3 that an analogous characterization holds if bounded strongly continuous semigroups of operators are considered instead of power-bounded operators. To this purpose, we introduce in Section 2 a semigroup that in turn permits us to prove an ergodic characterization of finite-dimensional Banach spaces that is the semigroup analogue of [FLW01, Cor. 3] .
We emphasize that mean ergodicity of a bounded strongly continuous semigroup (T (t)) t≥0 is not equivalent to mean ergodicity of the individ-ual operators T (t), t > 0. If for some t 0 > 0 the power-bounded operator T (t 0 ) is mean ergodic, so is the bounded semigroup (T (t)) t≥0 (see [DS58, Thm. VII.7 .1] for t 0 = 1). However, there exist examples of bounded, mean ergodic, strongly continuous semigroups (T (t)) t≥0 so that no operator T := T (t 0 ), t 0 > 0, is mean ergodic, cf. [EN00, Expl. V.4.13.3] (see also [Kr85, p. 83] ).
Introductory results.
We begin with a brief reminder of some ergodic theory, and refer to [Kr85] or [EN00, §V.4] for details.
Definition 2.1. Let T := (T (t)) t≥0 be a strongly continuous semigroup of linear operators on a Banach space X. We denote by
the Cesàro means of T . Then the semigroup T is called mean ergodic (uniformly mean ergodic, resp.) if (C(r)) r>0 converges strongly (with respect to the operator norm, resp.) as r → ∞.
The following useful characterization of mean ergodicity of a strongly continuous semigroup is due to Nagel ([Na73, Thm. Let us moreover mention the following general result: If X is a Banach space with a Schauder decomposition X = k∈N X k , then the norm of X can, without loss of generality, be assumed to make the operators Q h and P h , h ∈ N, defined by
contractive. Observe that, due to the uniqueness of the Schauder expansion of x ∈ X, x = 0 if and only if P n x = 0 for all n ∈ N.
With this notation we now prove the following.
Lemma 2.5. Let X be a Banach space with a Schauder decomposition.
For the proof (and later on) we will repeatedly use the auxiliary family (b n,t ) n∈N , t ≥ 0, of sequences of positive numbers defined by
for n = 2, 3, . . . , t ≥ 0.
Observe that
Proof of Lemma 2.5. We first show that M is well defined on X. Let
for all m, n ∈ N, m < n, and the convergence of k∈N x k implies that (
It is also clear that M is a semi-group, and that its generator A, defined by
is bounded, hence M is uniformly continuous. Also, M is bounded since for
Recall that the operators P h , h ∈ N, are contractive, and hence
It follows that
and therefore M (t) − I ≤ 1, hence M (t) ≤ 2 for all t ≥ 0. Assume now X to be infinite-dimensional with a basis, thus in particular with a Schauder decomposition. Hence, we can define, as in Lemma 2.5, the bounded uniformly continuous semigroup M generated by A. We prove that M is mean ergodic, but not uniformly mean ergodic.
Let x ∈ ker(A ). Then
for all x ∈ X. Taking into account the uniqueness of the expansion of elements of X we obtain x = 0. By Remark 2.3 this implies that M is mean ergodic.
The generator A is injective, and its inverse is given by (2.4)
for those x ∈ X such that the right-hand side of (2.4) converges. Hence A −1
is not bounded. Moreover, 0 is an accumulation point for the set of eigenvalues of A. The claim now follows by Lemma 2.4. 
Ergodic characterizations of reflexivity.
· on X, a functional f ∈ X , and a sequence (e k ) k∈N ∈ k∈N X k such that e k ≤ 1 and f (e k ) = 1 for all k ∈ N, and the operators P h and Q h , h ∈ N, defined as in (2.1) are contractive with respect to · .
Remark 3.2. The proof ([FLW01, p. 149]) shows in particular that the sequence (e k ) k∈N is in general not a basis; in fact, the space X 1 need not be one-dimensional and accordingly the Schauder decomposition X = k∈N X k need not be associated with a basis. In the following we use the notations of Lemmas 2.4 and 3.1.
Lemma 3.3. Let X be a non-reflexive Banach space with a basis. Define a family of operators on X by
N t x := h∈N f (P h x)b h+1,t e h+1 , x ∈ X, t ≥ 0,with (b n,t ) n∈N , t ≥ 0, as in (2.2). Then T (t)x := M (t)x + N t x, x ∈ X, t ≥ 0,
defines a bounded uniformly continuous semigroup T := (T (t)) t≥0 on X.
Proof. Since M (0) = I and N 0 = 0, we have T (0) = I. Let now x k ∈ X k , k ∈ N, t, s ≥ 0. To show that T satisfies the semigroup law, it suffices to check that T (t+s)x k = T (t)T (s)x k , or rather, since (M (t)) t≥0 is a semigroup by Lemma 2.5, that Observe that
Hence, we obtain
Observe now that N t /t converges strongly as t → 0 + , and we obtaiṅ
The semigroup T is then generated by the operator B given by
Since Ṅ ≤ f , and hence also B is bounded, it follows that T is uniformly continuous. Finally, observe that
Here, we have used the fact that the operators P h , h ∈ N, are contractive by Lemma 3.1. Since the semigroup (M (t)) t≥0 is bounded, it also follows that In Lemma 3.3 we have constructed a semigroup T on a nonreflexive Banach space with a basis. We prove that T is not mean ergodic by showing that its generator B has trivial null space, and that f = 0 is in the null space of B .
Let x ∈ ker(B). Then −Ax =Ṅ x and hence
By the uniqueness of the Schauder expansion of elements of X we deduce that x solves the system
It suffices to show by induction that P n x = 0 for all n ∈ N, with P 1 x = x 1 = 0. Let P n−1 x = 0. It follows that Q n x = 0, hence P n x = P n−1 x + Q n x = 0, and we conclude that ker(B) = {0}.
and we obtain
It follows by linearity that f ∈ ker(B ), and by Lemma 2.2 the claim holds.
The following alternative proof of Theorem 3.4 is due R. Nagel, and seems to be much shorter, but is based on the original result of Fonf, Lin, and Wojtaszczyk.
Recall the following, due to R. Sine ([Se70] ).
Lemma 3.5. A power-bounded operator is mean ergodic if and only if its fixed space separates the fixed space of its adjoint.
Alternative proof of the implication (c)⇒(a) in Theorem 3.4. Let (X, · ) be a non-reflexive Banach space with a basis. Then by [FLW01, Cor. 1] there exists a power-bounded operator T that is not mean ergodic. Consider now the semigroup (S(t)) t≥0 generated by the bounded operator G := T − I on X. Since the null space of the generator G is the fixed space of T , the semigroup (S(t)) t≥0 is not mean ergodic by Lemma 3.5 and Remark 2.3.
It remains to prove that (S(t)) t≥0 is bounded. Observe now that formula (2.5) in [FLW01] shows that the power-bounded operator T is in general not a contraction. Define a norm on X by
The norm · is equivalent to the original norm · , and T is contractive with respect to it. Further, we can now estimate the norm of (S(t)) t≥0 with respect to · by
and therefore (S(t)) t≥0 is bounded in the original norm.
As in [FLW01, Cor. 2], using a result of Pełczyński, we can also derive the following characterization from Theorem 3.4. 
